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1 SNFS

Special Number Field Sieve N
M f(M) N

1.1 SNFS

f@ 19 K=Q)

e Z[0]  UFD( )

N = (M) z F Ok

a,b a+bM  F-smooth
(1—-1) a+bM = [ p@

peF
a+ bl  G-smooth
(1-2) a+b0=[] =™
TeG
(a,b)  #F+#G
( (e(p) mod2)pep, (e(m)mod2)rec )
2
(1-3) H(az' +b6;M) = (H Pe(p))
peEF
Z
2
(1—4) [T(a: + b:0) = (H 7r°’<’f>>
TeG

Ok

(1-15) [1(a; +b:0) = s(8)*,  s(z) € Z[z]

mod 2



2

(1—6) (H pe@)) = s(M)?mod N

peF

2?2 = y>mod N

SNFS
¢:7Z0)) — Z/NZ
g(0) — g(M)mod N
2
Z/NZ Z
p
a+ bo —— OK
6| |
a+bM —— Z
\_
a+b0 a+bM smooth  a,b
7 7 smooth
Number Field Sieve a+bd a-+bM
f(z)
1.2 SNFS
™ —1 SNFS




M(92 941) =

SNFS

94116 + 1

— (131
9412+ 1 ( )

{ f(r) =941X°+1

M = 09419
3 137 04146 + 1
factor base
factorbase 229,370
factorbase 370,096
214
599, 680
a —1,200, 000 1,200, 000 b 1 600, 000
88 - 108 155 - 106
PentiumII-450MHz 400
FF 307,550 FP = 556, 813
PF 923, 407 PP = 1,680,199
3,467,969 FP, PF, PP
641,968 FF
599, 680
599, 680
intelligent GAUSS 86,976
GAUSS 2,533
PentiumlII-450MHz
° 13
° 26
° GAUSS 44
83
86, 976 902Mbytes
2 2001 200
3 941 SNFS
1FF FP,PF,PP

large primes

323,015

SNF'S

FF



230 32 2,681 Couveignes
12 2,533

P1 = 556798537281030298582279043972701973(36 )
P2 = 12366444553823418456266302194267876265216715606386
8919884010298515358001173970029394468858210197(96 )

1999 4 Cabal(Stefania Cavallar, Bruce Dodson, Arjen Lenstra, Paul Ley-
land, Walter Lioen, Peter Montgomery, Herman te Riele, Paul Zimmermann)
N = (10*1 —1)/9 (211 )

F(X) =10X6—1
M =10%

224 6

500-10% 600 - 10°
la| < 6,000,000 0 < b< 18,000,000
56, 394, 064

factor base large primes

Block Lanczos Cray C90 121
7

N 93 118 P1, P2 P1

Pl = 69262455732438962066278232267733671113810848258828
1739734375570506492391931849524636731866879

5 1/2 5

6 1,080, 000
"64bit 64 64



Zd] UFD General NFS 8
SNFES GNFS
200 80
120
2.1 GNFS
Ok = Z[0)
Ok
Ok F G
H
a,b a+bM F-smooth
2-1) 0+ 531 = [ 50
peF
l[a+b0]  G-smooth 9
(2-2) la+b0] = [] PP
PeG
xXEH

X(a+bg) = (—1)<00

a+bd x  modulus modulus
primes  limit

(a,b) H#F+#G+#H

2
( (e(p) mod 2)per, (e(P)mod2)pea, (e(x))xen )
(2-13) [1(a; + b;M) = (Hp p))
peEF
8 special  general
special
general

large

mod



(2—-4) H@+@ﬂ:<ﬂ¢ﬂm>
Ok

(2-15) X (H(ai + bﬂ)) =1 forVxeH
(2-4),(2-5) [1(a; + b:0) Ok

(2—-16) [1(a; +b:8) = s(8)*,  s(z) € Z[z]

Special NFS

(2-6) c+do
UFD
2.2
N f(x) modN * " M
f(M)=0 mod N

() N 3 5

Multiple GNFS 2 2
1 10

2.2.1

/() a+ bl

fz) = CdCUd + Cd—ﬂ?d_l + -+ Ccx+ ¢

caNorm(a +b8) = (—b)1f(a/(=b)) = cqa® + cq 1% (=b) + - + cra(=B)L + co(—b)"

103dded on Jan.2002:
brute force




11

F(M) =caM® + cg ;M* 4+ 4+ ¢;M +co =0 mod N
N M lci| < M

M ~ Nl/(d+1)

a>rb(Ir > 1)

|ca| ~ |cat|/r ~ |caal/T? ~ -+ ~ |col /7

|cal ~ |ca-1]/T ~ |caal/T? ~ |ca—s| /7 lcg-s| ~ M

M ~ (3 N)V@+D)

Cd
ca ~ (N3
M
(N/ca)"*
&
Cd
Cd
M
2.2.2
a+ bl f(a/(—=D)) a, b
[_Hm Ha] X [17 Hb]
f(z) +H,/Hp
+H,/H,

Knuth-Schroeppel

11
12



2.2.3 Knuth-Schroeppel

Knuth-Schroeppel

log P

P P
P-1

PeG

smooth data

factor base

2.3 factor base

F 4F
G q 1
#G #E.#G
q 1 f(z)  mod g
13 1 r—s g 0—s Ok
Q(g;s)
p
f(z) = (z = s)g(x) modyg, g(s) # 0 modg
z—s— Qg 0—s)
o
D.E.Knuth( ) 1986
2001
SNF'S Q(q,s) q,$
GNFS Qg,s) G 1
q large prime Q(q,s)
13 1974




x = x(q,s)

14

2.3.1 factor base

X(a+b0):<

a—i—bs)
q

100 N f(x) = cgr? +cq 12 4+ em + o
d=5 |ci| ~ N/ factor base
f(X) =X+ X+ X3+ X2+ aX +c, o~ NYS
K 1000 7
CPU  PentiumlII-400MHz
70 80 90 100 110 120
FB #RFB 25K 56K | 115K 220K | 416K? | 750K?
FB #AFB 100K 220K | 460K 880K | 1660K? | 3000K?
#CFB 70 80 90 100 1107 1207
H, 250K 560K | 1150K | 2200K | 4000K? | 7500K?
H, 125K 310K | 680K | 1400K | 2800K? | 5600K?
20 5 25 120 20 7 8 7
(PPMPQS Y 125 )7 )6 )@ yla 9l 6 9
#AFB #RFB 4 H, #RFB 10 H, #RFB 5~7
4RFB 10 2 4CFB  20-30
80 d=14 80 GNFS
GNFS 100 ~ 120
“ " GNEFS
factor base
PentiumII-400MHz
100 120 10 5! 15
PPMPQS 100 50 10 8
GNFS PPMPQS 120
16
1add on Jan.2002: 20 30
15add on Jan.2002: 3-4
I6GNFS ~ PPMPQS
80 200 GNFS

10




(1-1) b 1,2.3,.... H, b a —H, —H,+
1,...,H,—1 (1 )
(1) Sievel0], Sieve[l], ..., Sieve[2H, — 1]
W0, W, ..., W[2H, — 1]
(2) Sieve[] 0 W[l b 1 0
() peF p [log; p]
p
—H,+bM P r r—H;+bM = 0Omodp
H,—bM =tp+r,0<r<p r
—M mod p
(4) peEF (3) [logy bM] — 2[log; Prmas]
W[] 0
a+ bl
a+ bo Q(q, s)
a+bs ¢
(5) Sieve[ ] 0
6) wm=mn(q,s)eqG q Sieve] ]  [log, 4]
q
a=—L s r  r—L+bs=0modq
L—bs=1tq+r,0<r<q r smod q
(7) TeG (6) log, |[Normg g (a+ 60)|]
( )
a,b 2
8)atbM F X
PPMPQS GNFS
2 100

11



(9) [Normg/g(a + bd)|
NG = {Normg,oQ | @ € G} = {q | Q@ = Q(q,s) for some Q € G}
q q
a+bs=0mod g s Y =Q(q,s)

peF

a+b0] = [I QY

{a—i—bM = JIp®X
QeG

a+bM F la+b0] G
~
[a + b0] Q =Q(q,s)
a+bs q
Normpg/g(a +0b0) ¢
[a+b0] @
\_ %
G
large prime
(FF ) large prime
large prime
large prime X large prime Y
Y Y

PF ) X>1Y=1

12




FP ) X=1Y>1

Y Y
PP ) X>1LY>1
(PF ) X (FP )
Y (PF )
(PF ), (FP )
2

(FP )

((ah bl; Xl; Yl); ((12, b27 X27 Yé); ey (a”l‘: b’r‘v X’I‘7 K‘)) )

=1 i=1
2.5 Free Relations
a + bl b=0
2-2) p= T @@
Qlp,QeG
a=p,b=0 (FF )
b
#F/G GNFS
free relations #F/120
2 MP-GNFS
2.6
#F +#G+#H
PPMPQS intelligent GAUSS 17
GAUSS GNFS PPMPQS
0 6~7
1/36 ~ 1/49
2.7

[I(a: + b:M) = (H Pe(p))

peEF

17

13

free relation
K =Q(-V2)
5

free relations

GAUSS



Ok

(ai7 bi>

B € Z[0]

[la; + b:6] = <H pe(p)>z

PeCG

x (TM(ai +b:6)) =1 for vy € H

[1(ai + b:6) = 32

14



3

Adleman GNFS

Jean-Marc Couveignes: Computing a square root for the number field sieve, in Lenstra
and Lenstra(Eds.) The development of the number field sieve, Lecture Notes in Math.
1554(1993), 95-102.

Peter L. Montgomery: Square Roots of Product of Algebraic Numbers, Proceedings of
Symposia in Applied Mathematics 48(1994), 567-571.

Phong Nguyen: A Montgomery-Like Square Root for the Number Field Sieve, in ANT
III; Lecture Notes in Computer Sciences 1423(1998), 151-168.

3.1
342v2  (1+v/2)? Z[\V/2] Z[2v/2]
6 =2v2
0 f(zx) Q(0)
v @)y 7o
a  f(0)?
Z[0] e
3.2 UFD
UFD
NFS a—+ bl
3.3 Hensel lift
« a; + blH
(6

15



Hensel lift

f(z) d 0 K =Q(0)
3.4 f(z) modp D
p K 18 a
19
62 =1mod p

do Q mod p
Hensel lift
fl@)=zt+23+22+2+1 20

a = 8862 + 7120% + 12720 + 557

21

a=60>+62+2modp
r,s,t,u  0,1,--- p—1
<r93+802+t0+u)2(93+6’2+2)Elmodp
0  xzmod f(x)

(ra® + 52 + 12+ u) (2° + 2> +2) = 1 mod (p, [(2))

d

p
o= 0°+6°
modulus  p?, p¥, ... p*

2V« 22

"¥f(z) modp

9q + b0 P

201 5 1 4

2 f(z) p K mod 5
p=1modb f(x)  modp 4 1
p=4mod5 f(z)  modp 2 2
p = 2,3 mod 5 f(z)  modp

[V
n

16



3.4.1 Hensel lift

§;%a = 1mod pY

2
e mod P?"

b1 = 85+ 6;
(63‘ mod P% Qo mod P¥ )

6J2~+1a =1 mod P?"

841 =065+ 7y

(6; + P7) e = 6j2a + 2p? Sy mod P¥ "
=14 (6,2 —1)+2p¥6;ya mod P¥"

= 1mod P¥""
82a—1 ;
Z e + 2670 = Omod pr
1 1-68« ;
= J P2J
¥ W0 PP mod
63a = 1 mod p? (6;0)"1 = 6; mod P?
1 — 6% ;
v =6, 2p25 mod P?
|
r*
62 = 1 mod p*
(8sc)? = a mod P*
bra [ /2, 9" /2)

17



mod 32 =9 8 = T76% +76% + 360

Sa = —50% — 20?2 — 30 — 2 mod 32

mod 3* = 81 89 = 2503 + 7002 + 486 + 72

S = 2202 — 26% — 120 — 11 mod 3*

mod 3% = 6561 63 = 3427603 + 79902 + 35310 + 6147

10
20
30
40
50
60
70
80
90
100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270

Sz = 22602 — 20? — 120 — 11 mod 38
2203 — 202 — 120 — 11

UBASIC UBASIC
NFS

’sq4

’finding square root of algebraic numbers
’LNCS 1554 p71-72

’make a problem

D=4

dim F(D),A(D-1),B(D-1),C(D-1) ,FR(D-1,D-1)

dim Ap(D-1),Del(D-1),W(2xD-2),W2(D-1)
F(0)=1:F(1)=1:F(2)=1:F(3)=1:F(4)=1

gosub *SethighpowerX
B(0)=-11:B(1)=-12:B(2)=-2:B(3)=22

gosub *Mul (&B() ,&B()) :for I=0 to D-1:A(I)=W(I):next
gosub *Print(&A()):’problem: solve ( )"2 = AQ)
’solve a problem

Maxc=abs(A(0)) :for I=1 to D-1:Maxc=max(Maxc,abs(A(I))) :next

Maxc=round (sqrt (Maxc))
pP=3
gosub *Hensel_init
while P<=2x*Maxc
P=pP~2
gosub *Hensel
wend
gosub *MulP(&Ap(),&Del())
gosub *PrintP(&W()):’ answer is W()
end

)

*Hensel

18
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280
290
300
310
320
330
340
350
360
370
380
390
400
410
420
430
440
450
460
470
480
490
500
510
520
530
540
550
560
570
580
590
600
610
620
630
640
650
660
670

for I=0 to D-1:Ap(I)=A(I)@P:next
gosub *MulP(&Del() ,&Del()):for I=0 to D-1:W2(I)=W(I):next
gosub *MulP(&W2() ,&Ap())
W2(0)=(3-W(0))@P:for I=1 to D-1:W2(I)=(-W(I))@P:next
gosub *MulP(&Del () ,&W2())
C=modinv(2,P)
for I=0 to D-1:Del(I)=W(I)*C@P:next
return
)
*Hensel_init
for I=0 to D-1:Ap(I)=A(I)@P:next
for T=0 to P"D-1:W=T
for I=0 to D-1
W\=P:Del(I)=res
next
gosub *MulP(&Del () ,&Del()):for I=0 to D-1:W2(I)=W(I):next
gosub *MulP(&W2() ,&Ap())
for I=1 to D-1
if W(I)<>0 then cancel for:goto 490
next
if W(0)=1 then 510
next
print "no solution":end
return
)
*SethighpowerX
local I,J
for J=0 to D-1:FR(0,J)=-F(J) :next
for I=1 to D-1
FR(I,0)=0:for J=1 to D-1:FR(I,J)=FR(I-1,J-1) :next
C=FR(I-1,D-1)
for J=0 to D-1:FR(I,J)+=C*FR(0,J) :next
next
return
)
*Print (&X())
local I
print "(";
for I=0 to D-1:print X(I);:next
print ")"

19



680 return

690 ’

700  *PrintP(&X())

710 local I

720  print "(";

730 for I=0 to D-1

740 if X(I)<P\2 then print X(I); else print X(I)-P;
750 next

760 print ")"

770 return

780 ’

790  *Mul (&X(O),&Y(0))

800 local I,J

810 for I=0 to 2*D-2:W(I)=0:next
820 for I=0 to D-1

830 C=xX(I)

840 for J=0 to D-1

850 W(I+J)+=CxY (J)

860 next J

870 next I

880 for I=0 to D-2:C=W(I+D)

890 for J=0 to D-1:W(J)+=Cx*FR(I,J) :next
900 next

910 return

920 ’

930  *MulP(&X(),&Y())

940 local I,J

950 for I=0 to 2*D-2:W(I)=0:next
960 for I=0 to D-1

970 C=X(I)

980 for J=0 to D-1

990 W(I+J)+=CxY(J)@P
1000 next J

1010 next I

1020 for I=0 to D-2:C=W(D+I)

1030 for J=0 to D-1:W(J)+=C*FR(I,J)@P:next
1040 next

1050 for I=0 to D-1:W(I)=W(I)@P:next

1060 return

20



3.5 f(zr) modp p
p K p f(z)
mod p
nfs
(1) 4 2 x 2
(2) 6 S3
(1)
!
S¢a = 1 mod pOg
60 pOK K (50
23 a 2
oo 2
4 2 2
flz) =2+ 1, a =668+ 3760 —2920% — 4800%, p=3 o
0.1 20 + 62
6072 - 9 + 2(92

Sog = 1+20+20%+63
Soa = 2+0+6%+263

2 B =12+ 120 + 20% — 2263
POk = PP,
B = b
g = +6 mod P¥
77| £ mod P¥
g = f3; mod Plzj
i —f3; mod P§’
B Bi, B;
23
22 =4 mod 13
+2 mod 13

42, £7 mod 15

22 =4 mod 15

21



3.6 Couveignes

f GNFS 0

d K d
3.7 0
0 f
Z[(X]/(f(z)) ~ Z[6)]
Normpgq N
d
24
-
i=1
Z[0]
#=a
B € Zl0]
N
-
Hensel lift(=Newton )
pi=1,2,...5
mod p; = pi K =Ql]
K Di Pz 26
242
25 f(X) 5 mod p 1 2
god(XP* — X, f(X)) =
pi 2
zt+1 z* — 1022 4+ 1
7 23
i f
%6 pi B

22




3.7.1 B%=amodP, Bi

p
27
i
b?> = Na mod p b 28
Ltptp2 o ipd—1
[3 _ (y_i_i__iTTi____jj;/b]110(1}D
(% = amod P
N3 = bmodp
»  K/Q Ogmod P d
NOTmed/Fp N
OzEde><
o1
Saz =1
pt-1 Pgl
& <a p1 =1
& Na)7 =1
s Na  F)~

beF, b = Na

—1
_ app T +1
=aNa
_ C¥b2
b 29
27
2o a+bd P; b#0
294 L+p+p*+-+pP Tt +1)/2

23



NB = Na) 25— nod P

2 ... ppd—l
= pltptp t-tp +1/bd modp

= pP-D+E* D+ =D+ pd p
=b mod p

3.7.2 (%= amodP¥ B

Hensel lift
Hensel lift

I

Hensel lift 1
211y (p2)—
§ et e
(6a)? = amod P
N(6a) = bmod p
pd-1)
a2-1) =1 O
g 2
1-96 jt1
newd =6 + 6 ? mod P¥"
(news )? = a mod P¥"
J B =déa
3.73 [=a I3
32 = a mod P Bs
d 0

24



b=NpB Na b
22 = o modP? forVi
Nz = NS modp? forvi
) g
M=1[p" 2
a; + bzﬁ
factor base 6 8
a;, b; (factor base 8 ) o
g
#F B - log(max a;)
=04
2k log p
30
31
3.74
flx) =242, 0=+v-2
N (ab?* 4 b0 + c) = 4a® — 2b® + ¢ + 6abc
a=1+0)(-24+0)2+0)(3+20)(—5+40)(—7+0)
g

o

Na=(2-3-5-11-23)

b=NB=2-3-5-11-23
30general NFS a;
3INFS

factor base
smooth data
100 100 (added on Jan.2002: 10
30 )

25



mod
a=46%+30 +2mod7

7,13
p="T

b=2mod7

1+7+72+1

g

a2 /2mod7

=30%+3

S
Il

S
Il

o
Il

{
{
{

202 +50 +9

B =ab?+bd +c

3 modT7
2 mod13
0 modT7
5 mod13
3 modT7
9 modl13

a = 80mod9l
b =T70mod9l
¢ = 87mod9l

(—110* — 210 — 4)* = «

3.7.5

my, Mo, ..., Mg

—0.49M <z < 0.49M

O<N<M

320.49 0.5

N

mod N

=1

x1 mod my
To mod 1My

T mod myg

zmod N

26



Mi = ]\4/77%7 a; = ]./Mszdmz

33

s
=1

z = zmod M
—049M < x < 0.49M T
M N

r=z—rM, reZ

—0.49 < % — < 0.49

r = round(3;)

r = round (Z aixf)

i=1 i
my; S
r=z—rM mod N
3.7.6
[ 3 mod7
a =
2 mod13
r=round(6-3/7+2-2/13) = round(2.88---) =3
a=z—3M=262—-3-91=-11
mod N
b, c
334, M, mod m; z M; mod N

27



3.7.7

Qodd = H (ai + bz(‘))
i=1, ¢ odd
Qeyen H (ai + bze)

o= C2 Xodd
ae'uen
c
7 =a
7
Y= 70561)611/6
V=«
large
primes a; + b0
large primes
NFS Qeven

3.7.8

flx) =242, 0=+v-2

a=1+0)(-24+0)2+0)(3+20)(—5+40)(—7+0)

28



B
Qogg = (L +0)(2+ 0)(—5 + 40)

Qeven = (—2 + 0)(3 + 20)(~7 + 0)

Naggg=—-2-3-11-23
Nogen = —2-3-52-11-23

_ Qlodd
a=>5"2

Qeyen
34

a=20?+60mod7

14747241

B =a =2 /bmod7
=—02-20+1

B = (—0% =20+ 1)Qepen/5 = —1160* — 210 — 4

(—116% — 210 — 4)* = o

mod 7 O
3.8 6
f(x)
flx) =t +cgx¥ +- ezt (#1
14
34 a=20%-60-7

29



o = H(az+bﬂ), a;,b; €4
=1

Q[o]
F=a
B e QY]
a  Z[0] f(6) =0
0 f(z)
flx)=222—2z+1, 0=(1++/-T7)/4 6? =(0—1)/2
0
0 () = () + cqr (0) 1+ o e 872 () + ot
9) =y + cayt Ry 4 ot
147 O
r 35
al(w) = gra<9) = ﬁ(ﬁal + bl(ﬂ)
Br(w)? = a1 (w) Bri(w)

[T(a: +b:M) = X?

=1
Br(eM)? = (WﬂX)Q mod n

NM(a+b0) =N (a+b0) N

(N (a+b0) = (=b)*f(—a/b) = la® + cq_1a* " (=b) + - -+ cpa" (=b)*" + -

35 factor base a-+bo 1

30

+ Co(—b)d




Nay = NI (a; + b#)
_ é(rd*T) ngl gN(a'L + ble)
= @D Ni(a; + b0)

=1

N/Bl _ g’r’(d—l)/2\J f[Nl(a/i + blg)

0 f(@)
o = H(&Li +bw), ai,b; €Z
i=1
Z|w]
g = oy
B € Zw]
0, la; o (w)
w =00

aq

31




4 Multiple Polynomial Number Field Sieve

General Number Field Sieve(GNFS) Multiple Polynomial
GNFS 36
MP-GNFS  P.L.Montgomery

M. Huizing: A Multiple Polynomial General Number Field Sieve, Lecture Notes in Com-
puter Science 1122(1996), 99-114.

M. Huizing: An implementation of the number field sieve, Experimental Mathematics
5(1996), 231-253.

2 100
“ " GNFS
37
MP-GNFS N filz) (t=1,2,...)
Ky = Q(6,)
2 3
Z F Ok, Gy
Hi
a,b a+ b0, Gi-smooth
(1-2) [a+b0;) = [] PP
PeGy
X € Hy e(x)
x(a+b6,) = (—1)°™)
(a,b) #G1 + #H, + #Go + #H,
mod 2

((e(P)mod 2)pec; (e(x))xem, (e(P)mod2)pea,, (e(x))xen )

SP-GNFS

H(ai + bl(gt) OKt (t = 1, 2)

(3

36 Quadratic Sieve  Multiple Polynomial

2-4
37added on Jan.2002: MP-GNFS 3
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[T(ai + bi6,) = (¢t + di8,)*  (t=1,2)

¢ Z0] — Z/NZ
9(6:) +— g(M)modN

(¢1(c1+ d191))2 = (¢pa(co + d202))2 mod N

2?2 =y mod N
MP-GNFS
¢t . Z[@t} — Z/NZ
g(0;) +— g(M)modN
2
Z/NZ Z UFD
-
(a, b) —— a+bly Ok,
| |41
a—+ b<92 OK2 — Z
$2
o
N 1363
M = 765
filz) = 22—6x+3
fo(x) = 622+ 5w+ 2
Dy =24=8x%3, Dy =-23 1,3

NMi(a+b0) = a*+ 6ab+ 3b?
No(a+b0y) = (6a® — bab+ 2b*)/6

a=1,b=1
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4 N
| [
1+ 0, —— 1+ M =T66= (1 M)(4~ M) = 581404 mod N
2
o /
4.1
GNFS
f(x) =caz® + -+ 17+ ¢
(1) a+bf (a,b 6 flx) )
(2) M f(M) =0mod N
(1)
(1) ¢
M (2) (co,c1y...,cq) 24T d+1 sublattice
Lo
Lo = {(zo, 21, ..., 24) | 0 + 1M + - + 24M* = Omod N}
Ly sublattice L 38
o (M, —1,0,...,0)
vi = (0,M,~1,...,0)
Va1 = (0,...,M,—1)
ug = (N,0,0,...,O)
u (0,N,0,...,0)
uq (0,0,0,...,N)
L LLL L LLL-
B L=1I,
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(ap + arw + -+ + agz®)N + (bo + by + - - - + bg_12* 1) (x — M), a;,b; € Z

( )

d=2 N = 1363 M =12 c = (1,12,144)
(12,—-1,0), (0,12,—1), (—5,6,9)

92% 4+ 62 — 5 + Nr(z) + (x — 12)s(z), r(x),s(z) € Z[z]

M

(p, pM mod N, pM? mod N, ..., pM¢ mod N)

p=p(M) M
lattice
w = (1,M,M?, ... 6 M%
u = (N,0,0,...,0)
u; = (O,N,O,...,O)
( ug = (0,0,0,...,N)
lattice M
4.1.1 2
2 free relations large primes
2 (4 large primes) large primes free relations
( FF PPPP )
Montgomery 39
° p N mod p
2 p
e ¢; = Nmodp c1 <0,§]
39 2 n1/3 2
n2/3 smoothness
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p
M = c¢;p P mod N 40
Cc= (pv C1, C2)
p. p/4, N/p
p VN
LLL explicit
® c11 = comodp, —g<r<]§9 r
a = (Cla Z O)
p
axb=—c ged(p, 1, c0) =1 a,b 73 c
i M = cip ' mod N

(a)  plcg — pM +0M?) =p(c; — ¢;) = 0mod N
(b)  p? (Clrp_ N M2> = p(eir — cg —rey) + & = —pey + peg + N = 0mod N

c O(N'/?)
O<N1/4)
N = 1363
p =41 c1 =16, co = =27 r = coc; ' mod p r==0
a = (16,—41,0) b=(3,-6,1)
(3,—6,1) (2,5,6)
M =765 42
d O(N1/24)

Montgomery 3
40dual polynomial NFS M !
41 mod N
42 M = 1363 — 765

36



4.2 lattice sieve

Smooth a+bM  Factor Base P Factor Base
3

Plow = {p’pgplow}
Pmid = {p ’ Plow < p < phigh}
Prigh = {P | Prigh <}

peplow pephigh
pepmid

DPiows Phigh

a—l—b]\/[ Pmid

qepmid

S={(a,b)| —H,<a<H,, 0<b< Hy}

qepmid
Se={(a,b)| —H,<a<H, 0<b<Hp,a+bM =0modq}

Sq a-+bM q smoothness

Pollard lattice sieve

J.M. Pollard: The lattice sieve, The development of the number field sieve, Lecture Notes
in Mathematics 1554(1993), 43-49.

lattice sieve

e step g q b
b

Huizing b=1

M.Huizing: An implementation of the number field sieve, Experimental Mathmatics
5(1996), 231-253.

Sg={(a,1)| —H,<a< H,,a=—-Mmodgq}

43

43added on Jan.2002: “ lattice line sieve
K sieve  line-by-line sieve
line sieve
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4 N
lattice sieve(b = 1)

L. Plows Phigh Pmid = {Qb qz, - - qu}
2. S[0],S[1],..., S[r], r =2H,/q (

)
3. qep’mid

S[0),....S[H./q] 0O

o (—Hy+ sg) + M = 0mod q Sq Sq+iqg+ M
Sli]
® D€ PowU PriaU Phign
Sq+ig+M =0 mod p i =1 Slip), Slip+pl, Slip,+2p], . ..
log, p
o Sli] Sq+ig+M  smooth data
(¢ <p € Puia p )
o /
p
H, smooth

4-primes large prime parocedure

4.3 Large prime procedure with 4 large primes

large prime procedure 1 large prime
(1+1)LP 1 large prime 1LP
80 2 large primes
2LP NFS 2 large
primes (2+2)LP
1 2
lattice sieve 4

R.A.Golliver, A.K.Lenstra and K.S.McCurley: Lattice sieving and trial division, ANTS 94,
Lecture Notes in Computer Science 877(1994), 18-27.

B.Dodson and A.K.Lenstra: NES with four large primes:An Fxplosive Experiment, Ad-
vances in Cryptology-CRYPTO’95, Lecture Notes in Computer Science 963(1995), 372—
385.
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large primes Fully Factored

4.4 Block Lanczos method

Gauss

mod 2
4 Montgomery  Lanczos

block

P.L.Montgomery: A block Lanczos algorithm for finding dependencies over GF(2), Ad-
vances in Cryptology-EUROCRYPTO’95, Lecture Notes in Computer Science 921(1995),
106-120.

44 0
0 mod 2
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5 Number Field Sieve

Lenstra, Lenstra, Manasse and Pollard: The Number Field Sieve, Lecture Notes in Math-
ematics 1554(1993).

5.1 SNFS
Lg[v, \] = exp(A(log z)” (loglog z)* ™)
x = exp(log z) = L.[1,1]
:13A = exp(Alogx) = L[1, )]
(logx)* =exp(Aloglogz) = L0, )]
log z v 1 0
0 45
L[v, A L[w, p]-smooth
Lyv—w,—(v —w)A/p+o(l)] asz— oo
N d 46
log N 1/
_ N3 [ 57
d=(3/2) <1og log N)

Factor Base
Ly[1/3,(2/3)*?]
a+bM  N(a+bd)
Ly[2/3,(2/3)"]
47 Ly[1/3,(2/3)2/3]-smooth

Ly[1/3,~(1/3)(2/3)"%/(2/3)*°] = Ln[1/3,-(1/18)"]

45 0

46 35 3 101 4 227 o 432 6
100 4

47 special
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smooth
(Ll1/3,~(1/3)(2/3)%/(2/37))" = Lue[1/3,~(4/9)"")
Factor Base
FactorBase / = Ly[1/3,(32/9)'/3]

Special NFS

5.2 GNFS
f(z)
d
Md+1 >N
M N oM d F(X)
F(X) N1/(d+1)
caN(a+b0) = (=b)if(—a/b)
= cqa® +cg1aTH(=b) + -+ cd" (D) + -+ co(—b)?
O(NY@Dmax(a, b)?)
! A (17373
.1 logN 1/3
d=A (loglogN)
Factor Base
Ly[1/3, 2\

./\/(a + 591)

LN[1/3, 2)\2](1 . NU/(d+1)
= exp (2)\(log N)?3(log log N)1/3) - exp ()\(log N)?3(loglog N)1/3)

= Ly[2/3, 3)]
M = N+
/()
= exp <)\(log N)?/3(loglog N)1/3)
= Ly[2/3, )]
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Ly[1/3, 2)\%]-smooth
Ln[1/3, =3(1/3)/(2A\)] - Ln[1/3, —(1/3)/(2A)] = Ln[1/3, =2/(3))]
smooth data a-b Factor Base

Ly[1/3, —=2/(3)\)] Ly[1/3, 2X%]? > Ly[1/3, 2)?]

A >1/3

smooth data Factor Base

(FactorBase )/( )= Ln[1/3, 222+ (2/3)/)] > Ln[1/3, (64/9)"/3]

5.3 Dual Polynomial General NFS

d f1(5U)7 fz(x) N1/ (ud)
d

gl (I1+o0(1))log N 1/2
N loglog N

Factor Base

Ly[1/3, vA?]
N(CL + b@l) N(CL + 602)

L[1/3, vX\2]¢. NV/(ud)

= exp (y)\(log N)?/3(log log N)1/3> - exp (()\/u) (log N)?/3(log log N)1/3)
= Ly[2/3, (v + 1/u)A]

A
Ly[1/3, vA?]-smooth

(Ln[1/3, =(v +1/p)/(3vN)])* = Ln[1/3, =2(v + 1/p) /(30 )]

smooth data a-b Factor Base

Ln[1/3, —=2(v + 1/p)/(3vA\)] Ly[1/3, vA%)2 > Ly[1/3, vA?]

N >2v+1/p)/(30%)
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smooth data Factor Base

(FactorBase )/( ) Ly[1/3, vA2 +2(v + 1/u)/(3v))]

> Ly([1/3, (32/9)3((v + 1/p)?/v)"?
v=1/p Ly[1/3,(128/(9p))"/]

Ln[1/3,(64/9)"?]
o)

5.4 Dual Polynomial General NFS

q 3 d

g (g+e)logN \"
~ \(g—1)loglog N

d fi(@), fo(z)
Ly[1/(q+¢€),0(1)]
N 48
Factor Base
Ly[1/q, A
N(a+bb)  N(a+bby)

Ly[1/g, N* = exp (Ma/(q — 1))"(log N)*/4(loglog N)@2)/4)
= Ln[2/q, Ma/(g — 1))
19 Ln[1/q, A]-smooth
(Lnlt/a, —(1/q)a/(a— D))" = LulL/q, —(2/a)(a/(q — 1)
smooth data a-b Factor Base

Ly[t/q, =(2/@)(a/(a — 1)) Ln[L1/q, N = Ln[1/q, N

A > (2/9)(q/(g — 1)

smooth data  Factor Base
Ln([1/q, (2/q)(q/(q = D))V + N > Ly[1/q, (4/9)(q/(q — 1))"]
Ln(1/q, (4/q)(q/(q — 1)) q

48 N 32bit log N

49 LN
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